We show that the count of rational points by de la Bretèche, Browning and Salberger on the Cayley ruled cubic surface extends to all non-normal integral hypercubics which are not cones.
Introduction
In [2] , a precise asymptotic formula for the number of rational points on the Cayley ruled cubic surface was established. Moreover, the leading term was expressed in terms of Tamagawa constants. The purpose of this note is to show that the asymptotic formula of [2] extends to all non-normal integral hypercubics which are not cones. The fibration method, which was one of the methods used in [2] , goes through exactly as in [2] .
In order to count rational points, we use the following height function:
where (t 0 , . . . , t n ) ∈ Z n+1 prim and Z n+1 prim = {(t 0 , . . . , t n ) ∈ Z n+1 \ (0, . . . , 0) | gcd(t 0 , . . . , t n ) = 1}.
Given a geometrically integral projective variety W ⊂ P n Q , we let W norm ⊂ W denote the locus of geometrically normal points. The counting function for the rational points on W norm , as a function of
Our main result is the following. All asymptotic formulas are given with respect to B → +∞.
Theorem 1.1. 1. Let a ∈ Z \ {0} be square-free and W ⊂ P 3 Q be given by the equation
where
Q be given by the equation
Our notation and arguments follow closely [2] .
Non-normal cubic hypersurfaces over algebraically closed fields are classified in [3] . The same argument also gives the following classification over Q. 
Rational points on the cubic surfaces given by equations t 
Geometry of the non-normal cubic threefold
In this section we consider the hypercubic W ⊂ P
Q
given by the equation
Theorem 3.1. The automorphism group of W fits into the short exact sequence of groups
Proof. By the Lefschetz theorem, Pic(W ) = ZO(1). Hence any automorphism of W is induced by an automorphism of P 4 Q , i.e. by A ∈ PGL(5) which preserves (up to a scalar multiple) t 2 0 t 2 + t 0 t 1 t 3 + t 2 1 t 4 . Any such A also preserves the non-normal locus {t 0 = t 1 = 0} and so induces an automorphism of
where u 4 = 0 and a 31 , a 41 are arbitrary. If
where w 4 = 0 and a 30 , a 40 are arbitrary.
The following Corollary was inspired by the arguments in [2] . In this section we prove Theorem 1.1, part 1. The argument and notation follow [2] closely. Let W ⊂ P
where y = (µ : λ) ∈ P 1 .
Then V = y∈P 1 V ∩ V y , and so
Proof. [2] Let µλ = 0 and take
Note that N (V ∩ V y , B) = 0 unless λ 2 + µ 2 ≤ B 2 . Moreover, if µ = 0 and
By Euler's summation formula,
A similar calculation gives
In the expression
denote the first and the second sums over (µ, λ) by Σ 1 and Σ 2 respectively. Then
and
The same calculation as above gives
All together this gives the asymptotic formula in Theorem 1.1, part 1.
Rational points on t
In this section we prove Theorem 1.1, part 2. The argument and notation follow [2] closely. Let W ⊂ P 4 Q be given by the equation
. Then in the calculation we may assume that
Hence
After summing over y ∈ P 1 (Q), this gives the result.
In this section we express, following [2] , the leading term of the asymptotic formula in Theorem 1.1, part 2, via Tamagawa numbers [4] , [1] .
Let W ⊂ P 4 Q be defined by the equation t 2 0 t 2 + t 0 t 1 t 3 + t 2 1 t 4 = 0, V = W \ {t 0 = t 1 = 0} and ν : X → W be the normalization. Explicitly, we take X = { rank t 0 t 5 −t 4 t 1 t 2 (t 3 + t 5 ) ≤ 1} ⊂ P 5 and P = (0 : 0 : 0 : 0 : 0 : 1). Then ν is the projection from P into P 4 = {t 5 = 0}.
We use terminology and notation from [1] . Let L = O(1) be the chosen ample invertible sheaf on V metrized as in [2] . The following Lemma is proven exactly as in [2] .
Lemma 6.1. (cf. [2] ) X is the L-closure of V . V is weakly L-saturated, not L-primitive and contains no strongly L-saturated Zariski open dense subvariety. The fibration V → P 1 , which was used to count rational points on V , extends to an L-primitive fibration X = P 1 × P 2 → P 1 , which is the projection onto the first factor. In particular, V ∩ V y is L-primitive and α L (V ∩ V y ) = α L (V ) = 3. Moreover,
The Tamagawa number τ L (V ∩ V y ), defined in [1] , coincides with the Tamagawa number τ H (P 2 ) defined in [4] with respect to the adelic metric on ω
